Abstract: A hybrid algorithm combines a quasi-Newton and a genetic algorithm for the optimal expansion of energy distribution systems. The quasi-Newton procedure actuates in the search for optimal substation location co-ordinates, and the genetic algorithm procedure actuates in the design of optimal network topologies. Both searches are performed jointly in the proposed methodology. The costs of facility installation, maintenance and energy losses are considered. The algorithm has been applied in a real energy distribution system expansion problem.
Introduction
The distribution system is the most extensive part of an electrical system and it is the main loss of electric energy [1] . Therefore the application of optimisation techniques in the design and expansion of such subsystem can lead to significant economic gains, finding networks that minimise immediate costs (facility installation costs) and further costs (related to energy losses and system maintenance).
Electrical energy distribution systems are, intrinsically, systems in steady evolution. They are frequently exposed to several changes, such as the appearance of new consumer centres, a change of load pattern in existing centres, a change in geographic distribution of loads in existing centres, and so forth. That situation does not favour the application of efficient design methodologies, since the system would be frequently redesigned in some small part. Traditional approaches only consider this fragment of the system for planning the expansion, disregarding a lot of possible solutions to this combinatorial problem, often resulting in more expensive and lossy networks than would be obtained with global design techniques [2] .
In some cases the existing substation facilities are not sufficient to supply a service region with energy. Regions where the cities are growing are a good example of such cases. This phenomenon occurs more often in developing countries, but the economic fluctuations that are intrinsic to globalisation provoke demographic changes even in developed nations. Existing electrical distribution systems which are operating in places where such changes are in progress must follow the eventual increase in the load, keeping some slack capacity to allow future load increments, in a trade-off between the minimisation of the present installation costs and the minimisation of the future needs of facility redesign. In these cases new substations (SS) must be installed and the distribution system must be resized, or completely replaced in some critical cases, to supply the new demand.
System expansion in these cases involves two subproblems: the SS location and the network topology design. These problems should not be treated separately since they exhibit a strong interaction: when the solution of one of them is changed, the solution of the other also changes.
The SS location is an optimisation problem of continuous variables (the SS geographical co-ordinates). As the SS location varies, the lengths of the conductors which immediately connect the SS to the network nodes vary continuously too. This influences the problem of optimal network topology design. The distribution network topology optimisation is a combinatorial problem [3, 4] represented by a nonlinear objective function that includes the line installation costs and the energy loss costs. Reference [5] discusses in detail the general class of optimisation problems involving both continuous and discrete variables that arise in combined facility location and network topology design problems. This situation occurs in several contexts, which makes its solution of generic interest. This class of problem constitutes an active research area of optimisation theory [5] .
This paper proposes a hybrid algorithm, named GA-BFGS, that combines a genetic algorithm (GA) and a quasi-Newton BFGS algorithm to solve the distribution network expansion problem. The approach considers the two subproblems mentioned and the interaction between them.
Description of problem
The expansion of distribution systems, including both network topology design and substation location, is the problem addressed here. The algorithm has been developed for general cases, considering both complete and partial reformulation of existing systems. In partial reformulation only conductors with insufficient capacity are replaced. In complete reformulation all conductors are replaced by conductors with greater capacity. The new substation location is to be determined in both cases. Simple cases in which the substation must remain in the original location can be also handled. In these cases the SS location module in the algorithm should just be disabled. Figure 1 shows a real expansion problem confronted by the Electric Energy Utility of Minas Gerais (CEMIG), used to illustrate the proposed methodology. Figure 2 shows a photo chart of the area in which the network is to be redesigned. It is situated to the north of Minas Gerais state in the Brazilian inland, a region of low population density but which has been experiencing growth, both in economic activity and in population. The existing electric system facilities have become unable to supply the energy demanded. A rigorous study has pointed out the need for building a new SS in the region and replacing all the installed cables by new ones, with greater power capability.
The objective function for the problem of distribution network expansion has been taken from [6] , and adapted to the proposed approach. Equation (1) represents the objective function which considers the fixed costs, represented by the installation costs, and the variable costs, represented by the maintenance and loss-related costs accumulated in an analysis time. These two costs can be aggregated in a single objective without loss of generality since the future costs can be brought to the present time with a simple discounted cash-flow procedure. For time horizons longer than one year the present values of MC and VC are considered. The power flow through the conductors, the power losses in the conductors, and the voltage levels at the buses are computed using an AC power flow algorithm. (There are several recent studies indicating that the power flow in distribution networks can be calculated via algorithms that are faster than the conventional AC power flow without loss of accuracy [7, 8] . Such algorithms exploit the peculiar feature of the radial topology of distribution networks. In the present study this kind of algorithm has not been employed. Similar results would be attained if one such algorithm had replaced the AC power flow algorithm, possibly with smaller computational effort.)
3 Subproblem of substation location
Usual design procedure
In current engineering practice there is no globally accepted criterion to define the SS position. Generally the proposed solutions are based on designer experience. A criterion usually adopted is based on a graphical method, called the bisector perpendicular rule. The method, formerly employed by CEMIG engineers, is briefly described here. This traditional procedure is based on the idea of assisting the consumer with the nearest SS, which is supposed to guarantee the minimum distribution line distance, reducing the losses, failure rates and the installation costs. The bisector perpendicular rule can be divided into some basic steps as follows: time-consuming for the designer and is not an efficient tool in the search of optimal solutions. However, the solution that is found often represents a good initial solution which may be subject to further refinement.
Proposed procedure for SS location subproblem
The optimisation variables in this subproblem are the SS co-ordinates x and y. The first constraint is that these co-ordinates have maximum and minimum values, as represented in (2) . Some other constraints may represent impossible solutions for substation location due to geographical accidents like mountains, lakes, etc.
in which (x iMP , y iMP ) co-ordinates of geographical accidents; (x MIN , x MAX, , y MIN , y MAX ) minimal and maximal admissible values for x and y co-ordinates.
Considering (1), when the SS co-ordinates change, the length of conductors connected to its node will change also. Since the installation and maintenance costs are proportional to the length of the conductors, these costs are influenced. The variable costs also change because the losses are proportional to conductor length.
Quasi-Newton Procedure
Here, the proposed methodology uses a quasi-Newton BFGS algorithm [9] to solve the subproblem of substation location. The main loop of a quasi-Newton method for the optimisation of a function f(x) is composed of the following steps: (iii) Find the one-dimensional minimum x k þ 1 of f(x) over the line which passes through the point x k in the direction of the vector (ÀH k Á rf(x k )), defined by the problem
(vii) Update the BFGS Hessian matrix.
and go to step (iii).
Step (iii) in the quasi-Newton procedure is performed through a golden section algorithm, as described in [9] . An interesting property of quasi-Newton algorithms for use in this subproblem is that the constraints g 1 and g 2 (2) can be treated directly, considering the maximum and minimum co-ordinates as the outer limits of the golden section line search, which transforms the constrained problem into an unconstrained one. If geographical constraints g 3 exist, they can be handled by a penalty method.
The coupling effects between the SS location subproblem and the network configuration subproblem make necessary an adaptation to the quasi-Newton procedure. Different SS locations can lead to different optimal network configurations, which implies that the objective function in the SS location co-ordinate variables presents a kind of nondifferentiable behaviour. For this class of problem the usual approach would be the use of some kind of nonmonotonic version of quasi-Newton algorithm, to avoid the algorithm becoming trapped in the region of nondifferentiability. However, the specific structure of this problem leads to a simple scheme that overcomes this difficulty and still keeps the monotonic convergence of quasi-Newton algorithm. The scheme is as follows:
Perform the entire unidimensional search (step iii in quasiNewton algorithm) keeping the network configuration fixed. At the end of each unidimensional search run the network configuration optimisation subprocedure. This scheme guarantees that the optimisation step-length does not vanish once the unidimensional search is performed over a differentiable function (the objective function without allowing for network configuration changes) and still guarantees the monotonic convergence of the algorithm, since any network configuration change that eventually occurs always leads to an objective function decrement. Besides the convergence robustness that is provided by this scheme, it is computationally cheaper than the na. ıve scheme that would evaluate the optimal network configuration inside each step of the one-dimensional search. Then
the length of all conductors connected to them. The changes in conductor length influence the cost of installation, power flow and consequently the losses, varying the total cost of the distribution network. This one-dimensional search can be formulated as follows:
in which current topol stands for the set of variables related to the network topology, that is kept fixed, SS coord stands for the SS co-ordinates, that are the variables of this subproblem, R stands for the line over which the search is performed, and SS Ã coord are the optimal SS co-ordinates for the current network topology.
Subproblem of network topology design
The energy distribution network is represented by a planar tree (radial) graph which implies two structural constraints [2] g 4 feasibility: all nodes in the network must be connected by some branch; g 5 radiality: the number of branches in the network must be smaller than the number of nodes by one unit (n b ¼ n nd À1).
Two more constraints must be considered in an electrical system owning to technical considerations and service regulation g 6 voltage level in the load buses (V MIN rV i rV MAX ); g 7 line power capacity (P L rP MAX ).
When this planar graph structure (network configuration) changes, the connections between nodes are consequently changed. Then the total length of the conductors and the power flow are also changed, influencing directly the objective function (1).
In the genetic algorithm employed here, the optimisation variables are represented by a vector of integer values. Each element of this vector represents a branch possibility (possibility of connection between two nodes of the system). The value of a cell represents the type of the conductor used in the connection. An example of this encoding is presented in Fig. 4 .
In the cases studied here each branch can assume only three possible values: 0 if the branch does not exist, 1 if the branch is composed of a 50 mm 2 conductor and 2 if the branch is composed of a 150 mm 2 conductor. Table 1 shows the specifications of these conductors.
A genetic algorithm has been chosen to tackle this subproblem since it is well-suited to deal with nonlinear combinatorial problems [10] [11] [12] . In the literature similar algorithms have been employed in various related problems, such as multiobjective distribution network design (considering only fixed nodes) [2] , topology reconfiguration to minimise losses [7] , reactive power compensation [13] , expansion of existing systems [14] , linear design of transmission systems [15] , VAr planning [16] , etc.
The GA developed here has received some adaptation to work properly with networks, avoiding the known lowefficiency of general-purpose GAs when dealing with the network configuration problem [2, 4] . The proposed structure is similar to the one presented in [2] , considering the same problem-specific operators, although a monoobjective approach is used here.
In the network topology design subproblem the SS coordinates are fixed and the network structure is changed, aiming for a minimum possible cost with the current SS position (this position has been found in the former iteration of the SS location subproblem). Then this subproblem has the following formulation:
Here topol stands for the variables related to network topology, that are the optimisation variables for this subproblem, and current SS coord stands for the current SS co-ordinates, that are considered fixed in this subproblem. This subproblem is executed each time after a onedimensional search finishes, inside the step (iii) of the quasi-Newton procedure that is conducting the optimisation of the SS location.
Proposed methodology
The subprocedures presented previously are joined in an integrated optimisation tool that accounts for the interaction between the subproblems. The optimisation tool is ; F3-nominal current A; F4-resistance O; F5-reactance O; F6-installation cost R$/km; F7-maintenance cost R$/km/year; R$ is the Brazilian currency formulated as follows:
In the proposed approach the GA has the task of defining the optimal network topology, considering fixed the substation co-ordinates. The BFGS quasi-Newton algorithm searches for the optimal substation location. The one-dimensional search, within the quasi-Newton algorithm, considers the network topology fixed. At the end of each unidimensional search in the quasi-Newton main loop, the optimal network topology is determined for the corresponding SS location. This provides the coupling of the two subproblems. Figure 5 shows the algorithm flowchart.
Results

Eight-bus real case
Time horizons from 1 to 20 years have been considered in the problem described in Section 2 to analyse the impact of time in the solutions. The simulations have been performed considering a fixed initial SS position (16.61; 11.42), which is the load centre of the problem. Other simulations, for 1, 5, 10, 15 and 20 years, have been performed considering random initial SS positions to evaluate the algorithm sensitivity to this parameter. In both cases (fixed initial position and random initial position) the results obtained have been the same, which indicates that the initialisation parameter is not relevant in this case.
It is interesting that the optimal SS position changes when the time horizon is changed. This phenomenon occurs due to the change in the relation fixed costs/variable costs. In short time horizons the fixed costs are greater than the variable costs, being predominant in the optimisation process. When the time horizon increases, the fixed costs become less important than the variable costs and for large time horizons they become almost irrelevant. Figure 6 shows this phenomenon, indicating the topology swap points.
Figures 7-9 present the topologies indicated in the Fig. 6 , with all time horizons made one year. The points marked 2 and 3 in Fig. 6 show the topology changes between 1-2 and 2-3 years, respectively. Notice that from three to 20 years the network topology remains the same, and the only variation occurs in the SS location. Also, topologies 1, 2 and 3 differ only in the specification of cables, with the same arcs linking the nodes in the graph. Figure 10 shows the cumulative costs of the resulting networks (optimal network configuration and SS position) for the time horizons considered. It can be seen in the Figure that each network is in fact less expensive than the others in the time horizon for which it has been designed: the one-year network has the smallest cumulative cost at the time of one year, the two-year network has the smallest cumulative cost at the time of two years, and so forth. Networks with a similar configuration (same graph structure and near SS positions) have very similar cost projections, as expected. The networks designed for short time horizons (1 and 2 years) have cumulative costs that rapidly increase along the years, showing a high incremental rate compared with networks designed for larger time horizons. For networks that are optimal for five years or more, the cumulative cost incremental rate becomes stable. For ten to 20 years of time horizon the incremental rate of cumulative cost is almost the same, expected due to the influence of interest rate, which leads to the losses occurring in farther times becoming almost irrelevant from the viewpoint of their present values.
The initial cost of the 20-years optimal network is more than 5% greater than the one-year optimal network. This kind of analysis can be used to help the designer in the choice of the best network, considering the available financial resources.
The solutions found by the proposed algorithms are much better than those obtained by engineers using the traditional design approaches. The solution to be adopted should be the topology 3, with the SS location situated between the location found for five years of time horizon and the location for ten years of time horizon. This decision is recommended as the region is still developing, and in a longer time horizon it is expected that new load configurations will lead to the need for further network redesigns.
50-bus fictitious case
The proposed methodology has been executed in a larger, fictitious, problem to show the algorithm performance in the optimisation of large distribution systems. Time horizons from 1 to 15 years have been considered. These simulations have been performed considering a fixed initial SS position (8.24; 4.24) , which is the load centre of the problem. Figure 11 shows the changes in substation position when the design time horizon is changed.
Figures 12 and 13 present the topologies indicated in Fig. 11 where the topology is found for a time horizon of one year. The point marked with 2 in Fig. 11 shows the topology change between 4-5 years. Notice that the SS position changes considerably between 4 and 5 years. It occurs because the optimal structure of the network changes, leading to a different position of feeder node. Figure 14 shows the cumulative costs of the resulting networks (optimal network configuration and SS position) for the time horizons considered. The initial cost of the 15-year optimal network is more than 3% greater than the one-year network. 
Conclusions
This paper has presented a complete approach to the design of the expansion of distribution energy systems, minimising the initial and future investments to be applied. The proposed algorithm employs a quasi-Newton BFGS procedure to solve the substation position problem and a genetic algorithm procedure to design the network topology. These procedures are run in a sequential iteration, to consider the coupling between the two subproblems.
Even when these subproblems are treated separately they represent difficult tasks for human designers. Considering the subproblems together, with their full interaction, the solutions that have been achieved by the proposed method are much better than those that could be found by traditional procedures.
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